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AN ABSTRACT NONLINEAR
VOLTERRA EQUATION

BY
GUSTAF GRIPENBERG

ABSTRACT

The existence, uniqueness, regularity and dependence upon data of solutions of
the abstract Volterra equation

u(:)+f' at—s)A(s))ds 3 f(r), 120

are studied in a real Banach space. The nonlinear operator A is assumed to be
m-accretive and the assumptions on the kernel a do not exclude the possibility
that lim,_,, a(t) = + .

1. Introduction and statement of results

The purpose of this paper is to study the existence, uniqueness, regularity and
dependence upon data of solutions of the Volterra equation

(1.1 u(t)+jt a(t—s)A(u(s))ds 3 f(r), tER"=]0,)

in a real Banach space X. It is assumed that A is essentially an m-accretive
operator in X (see [2] for definitions), but the main point of interest is that the
assumptions on a that we use, do not exclude the possibility that lim,_... a(¢) =
+ . Hence it is not in general possible under our assumptions to reduce (1.1) to
an initial value problem of the form

dufdt + A(u)> G(u), tER",
u(@®=x
where G satisfies certain Lipschitz conditions, cf. [6]. Therefore the results of

this paper generalize those of [6] and [7]. Under assumptions on the kernel that
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are related to the ones used here (but which also allow the kernel to be
operator-valued in a specific way) the problem of existence of solutions of (1.1)
has been studied in [3], in a Hilbert space setting when A is the subdifferential of
a convex function. For other existence results on (1.1) when X is a Hilbert space,
that are not covered by this paper, see [1], [9], [10], [14]. Equation (1.1) has also
been studied in [11], [12], [13] under different assumptions.

Our first result is

THEOREM 1. Assume that

X is a real reflexive Banach space

(1.2) with locally uniformly convex dual X*,
A = B + wl where B C X X X is m-accretive,
(13)  is a real number and I is the identity mapping,
1.4 a(t)=b({)+c(t), t=>0 where
(1.5) b € Li(R™; R)N C'((0,%); R),
(1.6) b(t)> 0 and b is nonincreasing whent >0,
1.7 log(b(t)) is convex on (0, %),
(1.8) ¢ € AC,(R"; R), c(0)=0,
(1.9) ¢'€E BV, (R"; R),
(1.10) fE€ Wix(R™; X),
(1.11) f'€ BV{R"; X),
(1.12) f(0)€ D(B).

Then there exists a unique function

(1.13) u € C(R";D(B)NBV,.(R"; D(B))
such that

(1.14) u(t)+f(: a(t—s)w(s)ds = f(t), tE€R",
where

(1.15) w€E Li(R"; X)
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is such that
(1.16) [u(t), w(t)— wu(t)] € B, ae. tER"

If lim,_o. a(t)< + then it is not necessary to assume that X* is locally
uniformly convex.

Here f € Wise(R™; X) means that f(¢) = f(0)+ [of'(s)ds, f'€ Li.(R"; X), and
D(B)={x|[x,y] € B for some y € X}.

In some cases when we cannot show that there exists a solution of (1.1) in the
sense (1.13)-(1.16) we can at least show that the solutions of certain approximat-
ing equations converge to a function that may be considered to be a “weak”
solution of (1.1).

THEOREM 2. Assume that (1.3}~(1.10) hold and that

(1.17) X is a real Banach space,

(1.18) f(0)€ D(B).

If u,, A >0, is the solution of the equation

(119)  w(r)+ f a(t - s)(Bx(un(s)) + winr (s))ds = f(r), (ER"
0

then there exists a function

(1.20) u € C(R*; D(B))
such that
(1.21) u,—>u as — 0 uniformly on compact subsets of R".

Moreover, if (1.11) holds and

(1.22) sup IB.(f(O)]| <

then (1.13) holds. If the assumptions of Theorem 1 hold, then the function u is the
solution satisfying (1.13)-(1.16).

The Yosida approximation B, is defined by B, = A"'(I- (I + AB)™") and is
Lipschitz-continuous if B is m-accretive. Note that (1.12) implies (1.22), but the
converse need not hold unless X is reflexive (||| denotes the norm in X).

The last theorem shows how the solutions depend upon the function f.
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THEOREM 3. Assume that (1.3)~(1.9) and (1.17) hold. Then there exists a
nondecreasing, continuous function k on R™, k(0) =1, such that if

(1.23) fie WER™X), i=12,

(1.24) £(0)eD®B), i=12

and u,, i = 1,2 are the limit functions corresponding to f; (that exist by Theorem 2),
then

()~ w0 = kO (1O~ O]
(1.25) ,
+ [ 176 - filas), reR”

Moreover, if c =0 and w =0, then k =1.

Observe that the assumptions (1.5)—(1.7) are satisfied if b is locally integrable
and completely monotone. Thus one may, for example, take a(t)=¢"° t >0,
0<a <1,in (1.1), and in this case (1.1) corresponds to a differential equation of
fractional order 1— a.

For results on the asymptotic behaviour of the solutions of (1.1), see [4] (but
note that the assumption lim,_,. a(#) < + o that is made in [4] is not necessary
for the proof as long as one knows that the functions u, converge).

2. Proof of Theorem 1

First we establish some results concerning linear Volterra integral equations
that will be used later. Define the function b, (n is a positive integer) by
b.(t)=b(t+n7"), t ER" and the function a. by a.(t)=b.(¢t)+c(t), tER".
Let p. and P, be the solutions of the equations

2.1 b.(0)p.(t)= —bit)— f‘ b.(t — s)p.(s)ds, tER"
and
2.2) b.(0)P.(t)= — ai.(t)—J: a.(t — s)P.(s)ds, tER".

LEmMma 2.1. Assume that (1.4)-(1.9), (2.1) and (2.2) hold. Then
2.3) p. € BV(R*; R) is nonnegative and nonincreasing on R”,

there exists a nonnegative and nonincreasing function
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(24) pEL(R";R)suchthath,(0)’'p.—pinL'(0,T;R)asn—>»
forall T >0 and b(O)"b(t)+f p(t—s)b(s)ds=1, t>0,
0

P, = p. — b.(0)q. where g, € BV,..(R"; R)
2.5 and there exists ¢ € BV,.(R"; R) such that
| . (0)— q(0)| + var(q. — q;[0, T])) >0 asn —>  forall T > 0.

Proor. Let R, be the solution of the equation
2.6) R.(1)+ ,Lf b(t—s)R.(s)ds=1, (ER*, u>0,
0

It follows from [8, lines (1.8)—(1.10)] that R, is positive, decreasing and satisfies
the inequality

@.7) R,,(t)§(1+p,£b(s)ds)_,, tER".

Hence it follows from Helly’s theorem that there exists a nonnegative, nonin-
creasing function p such that

2.8) lim u.R,,(t) = p(t), t > 0 for some sequence {u.}.

To see that we also have p € L (R"; R) we have only to note from (2.6) that
-1

T o
sup | wR,(s)ds = e”<xj0 e”"b(s)ds) , T>0

u>0Jo

for every x >0. From this inequality we also conclude that fou.R. (s)ds
converges as u, — % and to see that the limit function is b(0) + fop(s)ds we
recall that

-1

j e""f wR, (s)dsdt = (xzf e “b(s)ds + x2/p> , x>0
0 0 o
If we now let u, — % in (2.6) and use (2.7) and (2.8) we conclude that
2.9) BO)'b()+ f p(t—s)b(s)ds=1, >0,

)

If we apply this argument to the function b, and differentiate the resulting
equation (2.9) we see that (2.3) holds (the only nontrivial part of (2.3) is the



Vol. 34, 1979 NONLINEAR VOLTERRA EQUATION 203

statement that p, is nonincreasing). By the argument above we know that the
function p exists and has the desired properties and we have only to show that
the functions b,(0)'p. converge to p. This is easily done in the case when
lim,_o. b(£) < + . If lim, 0. b(¢) = + =, then we can apply the same argument as
above and use the fact (see [8, line (1.10)]) that by (1.6) and (2.1)

b,.(O)"Lt p-(s)ds = b.(t)" = b.(0), tER".

To establish (2.5) we define the function d, by
(2.10) d.(t) = b.(0)' (c’(t)+ J;‘ c'(t— s)p,.(s)ds), tER"
and let ¢, be the solution of the equation
@.11) en(t) = d"(:)—fo' d(t—s)en(s)ds, tER".
It is not difficult to see that
212)  Pu(t)=palt)- f pult = $)en(s)ds — en(t), 1ER".
From (1.9), (2.3) and (2.4) we see that d, € BVi.(R"; R) and

Jim_ (d.(0)— d.(0)| + var(d, — d.;[0, T]))=0, T=>0

and hence it is straightforward to deduce from (2.11) that the same statement is
true for the function e,. But then (2.5) follows from (2.4) and (2.12), and the
proof of Lemma 2.1 is completed.

Let B, = A7'(I — (I + AB)™). Since B is assumed to be m-accretive it follows
that B, is Lipschitz-continuous (with Lipschitz constant 2/A). This implies that
there exists a unique solution of the equation

(2.13) U (t)+ Jﬂ a,(t — s)A\(unn(s))ds = f(1), tER”

where we use the notation A, = B, + wl. By (1.4), (1.5), (1.8)—(1.11) and (2.13)
u,, is locally Lipschitz-continuous, differentiable a.e. and

1n (6) + @n(0)As (rn (1)) + L " ait - ) A (un(s))ds = f(t), ae. tER".
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We solve a,.(0)A, (u,..(t)) from this equation using the (resolvent) equation (2.2)
(recall that a.(0)= b,(0)) and we obtain (see (2.5))

ul )+ f "Dt = $)on(5)ds + ba (0)By (trn (1))

2.14) = —b.(0)wu,n(t)+ b,.(O)J'r gn(t — s)us.(s)ds + f'(t)
+f‘ P,(t—s)f'(s)ds

def

= F,.(t), ae. tER",

From this equation we are going to derive the a priori estimates that we need and
it will also be used in showing that the functions u, . converge as n —«, A — 0.
If x,y € X, define (|| || is the norm in X)

e yle=infA7'([y + xx=llyl),  [xyl-=-[-xy]-
The accretivity of B implies that B, is accretive and this means that
(2.15) [Bi(x1)— B,y(x2), x:— x,]. =0, X, %€ X

We also note that if v :[0, T]— X is absolutely continuous and differentiable
a.e., then

@.16)  didt|v(®)] =[v'(t), v(1)]. = [v'(t), v(D))-, ae. tE[O, T]

(see [5, lemma 2.16]). Finally we obviously have

[x,x). =[x, x}-= x|,
[xl + X2, y]+ = [xly y]+ + [x2y )’]+,

[x y].=]x].

Let h >0 be arbitrary. By (2.14)—~(2.16) we have
d/ds || unn(s + h) = tpn () + pa O thrn(s + h) = trn(s)]
= [ 1ats + b = 2)= pus = D) It (ldr

S| Fin(s + B) = Fan($)Il+ paO)tn (s + B) = upn(s) = hua(s)]
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+ | hp. (O)u 0 (s) — J'Wl Pa(s+h —7)ul,.(r)dr|, ae sER".

We integrate this inequality over (0, t), divide by h and let h — 0. Then it follows
from (2.3) and the dominated convergence theorem that

s @I+ [ pale = 9)lutn(s) s

(2.17) =|uin )i+ var(F,.; [0,1]), ae tER".

it is clear from (2.13) and (2.14) that
(2.18) lu i () = b. Q) (I B.FON] + [ | | FOID+ £ O]

(we assume that lim,_o. f'(¢) = f'(0)), and that

var(F, .; [0, ¢]) = b.(0) L (@ +1g.(0)]+ var(gn; [0, — s u}n(s)llds

(2.19)  +var(f; [0, ,])+J; (If' @i+ var(f’;10, £ = sD)(pn(s) + ba(0)|ga (s)])ds,
tER".
Using equation (2.1) and integrating (that is, we “‘solve” ||u}.(¢)|| from the left

side of (2.17) with the aid of (2.1), the integration will allow us to keep the
inequality since b,(t)>0), we conclude from (2.17)—(2.19) that

[ 1utatortas = [ bt 9UB.GOI+ o 1O
e)  +[ ol +1q.0)+ vargs[0,s - D)utn(r)ldr

+ [ AP+ varrs 10,5 = D)l a0l dryas + [ Q@I+ var(ss [0, sDyas,
tER".

By (1.11), (2.5), (2.20) and the fact that (1.12) implies that (1.22) holds there exist
continuous functions k, and k. so that

fo' Nn(s)|ds = hl(t)fo' b(t - s)J: luin(r)ldrds + ho(s),  tER".

Since b € Li.(R"; R) we conclude from this inequality that
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(2.21) sup | fuia(s)lds <=, tER".
1J0

A>=0n2

From (1.11), (2.4), (2.5), (2.14), (2.17)—(2.19) and (2.21) we deduce that
(222) sup  [[Bi(wna(s)l<»,  1ER"
1

OssELA>0n2

Now we can proceed to prove that the functions u,,. converge when A —0,
n — o, It is easily seen (since B, is Lipschitz-continuous) that u,.— u, when
n — o, where u, is the solution of equation (1.19), but we want to show that the
convergence is uniform with respect to A. Let m, n = 1 be integers and let A >0
be arbitrary. By (2.14) we have

By (urn (1)) = Bu(trm (£)) = = b (0) (w30 (1) = i (1)) + Pa(0) (thsn (£) = trm (2))

[ e = 9) =m0~ 5000 )+ (= 0+ G (0) ()~ 11 4)
# [} a0 = 5)= 6 = )00 ()+ B O = B, O Nn ()

+ L ' (bn (0" Pa(t = )= b0 Po(t = $)) (ko (5) — F(5))ds

ae. tER".

Hence it follows from (2.15) and (2.16) that

b.(0)"d/dt||uyn(t) = trm () + b (0)™ J’O‘ Pa(t = 5)d/ds || urn(s) = trm (s)llds

= (0] + |4 O Dl an(t) = o ()] + L' ltn(t — 8) = tam (£ = $)I | dga(s)]
(2.23) + b (0" = Ba(0) 1t o (1)
N L’ | B (0) P (£ = 5) — ba(0) ' Pu(t — 8)| 4l (8) — F(s)|ds

E Fomalt), ae. tER".

Proceeding in the same way as when we derived (2.20) we get

uan(t) = upm ()| = fo‘ b, (t = $)Fmn(5)ds, tER".
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From this inequality combined with (2.4), (2.5), (2.21) and (2.23) we are able to
conclude that

lim | [Jusn(s)— trm(s)|lds =0 uniformly with respect to A for every t € R".
0

n,n—»c

But since it follows from (2.13) and (2.22) that the functions u, , are equicontinu-
ous on every interval [0, ¢] we deduce that

Up. — U, as n — o uniformly on [0, T] for every T >0 and

2.24
@24) uniformly with respect to A.

We may apply [6, theorem 3] to equation (2.14) and it follows that for every n
and every T >0

Alirp)oﬂ Unn(t)— U, .(t)|=0 uniformly on [0, T].

If we combine this result with (2.24) we see that there exists a function
u € C(R"; X) such that

(2.25) u,—>u as A—0 uniformlyon [0, T]forevery T >0.

From (2.21), (2.24) and (2.25) we deduce that u € BV.(R"; X). To see that
u(t)€ D(B), t € R, we have only to note that u, () = J,(u,(¢)) + AB, (. (2))
where J,(u,(¢)) = (I + AB) 'u,(t) € D(B) and apply (2.22), (2.24) and (2.25).

In view of (2.22), (2.24) and the fact that X, and hence also L*(0, T'; X), T >0,
is reflexive there exists a function w € L§,.(R"; X) such that

(2.26) A,_(u,,)—w (weakly) in L*0,T; X) as A, =0 for every T>0

for some sequence {A.}. By (1.19), (2.25) and (2.26) it is clear that (1.14) holds. If
lim, 0. a(t) < + o then it follows from (1.4)—(1.8), (1.11), (1.14) and (1.15) that u
is locally Lipschitz-continuous on R* and hence differentiable a.e. To see that
(1.16) holds we can proceed in the same manner as in the proof of [2, theorem III
2.2] (see also the proof of [7, theorem 2]). We have only to use (2.14), the
equation one gets from (2.2) by letting n — o, and to observe that

[ Pt ) @ha0) = 605 > [ @t =)~ ue)aPs)

+P(t)(u(t)—u(0))—j0'P(t—s)f’(s)ds, now, A—0, t>0,
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where P(t) = b(0)(p(t)—q(t)), t >0.
In the case when lim, .o, a(t) = + we assume that X* is locally uniformly
convex. This implies that the duality mapping F: X — X* defined by

F(x)={x*|(x,x*) =[x P=|x*3

is singlevalued and continuous. Recall that
(2.27) [Ji(ur(2)), Bi(un(2))] € B, tER”

and that J, (u,(¢) = u, (¢) + AB, (u, (¢)). Therefore it follows from (2.22) and (2.25)
that J,(u,)— u as A — 0 uniformly on [0, T] for every T > 0. But then we also
have for any function v € Li.(R"; X) by the continuity of F

(2.28) F(J,(un)—v)—>F(u—-v) as A—0 in L*0, T; X*) for every T >0.

As it is easily seen that the operator B CL*0, T; X) x L*(0, T; X) defined by
[v,z] € B if [v(t), z(t)] € B a.e. t [0, T] is m-accretive and so also maximal
accretive we conclude from (2.25)-(2.28) that (1.16) holds.

Finally we consider the question of uniqueness. Assume that we have two
solutions. Subtracting one from the other we see that we have to consider the
equation

(2.29) o(t)+ J' a(t—s)z(s)ds =0, tER",

where z € L. (R"; X) and

(2.30) [z(t), v()]. = —|o||o@)|, ae tER"
Since we assume that v# 0 we may without loss of generality assume that v#0
on [0, T] for any T >0.

Assume that lim,_,, a(t) < + «. Then we can differentiate (2.29) and solve z
from the resulting equation and we obtain for any integer n

o'(£) + pa(O)0 (1) + j " o(t = 5)dpa(s) + b0)z(2)
= [ @utt =)= @t~ ) (s)ds + b0 O 1)

+ b(O)J” v(t ~ s)dq(s), ae. tER".

Combining this equation with (2.3), (2.4), (2.16), (2.29) and (2.30) and letting
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n — o we conclude that we must have v(¢)=0, t ER".
Next we assume that lim,_,. a(t) = + . From (2.4), (2.29) and an integration
by parts we see that

J” p(t —s)v(s)ds +J" z(s)ds

(231) [ [T pe-s-newar [ 2mands o,

tER".
Let the function g be the solution of the equation
g0+ [ 6= [ pts-n)c@ards
0 0

(2.32) ,
=f p(t—s)c'(s)ds, tER".

It follows from (1.9) and (2.32) that g € BV\.(R"; R) and from (2.31) and (2.32)
that

fo' p(t—s)v(s)ds +J;‘ z(s)ds = J: g(t—s)fosp(s — r)o(r)drds, tER"

and so

d/d:f' p(t—s)o(s)ds + z(2)

(2.33) o
= f f p(t —s — 7)v(r)drdg(s), a.e. tER".

We observe that the operator f—d/dt [op(t - s)f(s)d=et L(f) is the inverse of

the operator f — [ib(t — s)f(s)ds. To prove that L — (Jw |+ 1)I is accretive on
L*(0, T; X) we have only to show that

[(In@las=a+gol+Day*  foralin >0

where 7, (t) = — R1,.(t), t € R” (see (2.6)). To see that this is the case we note
that since r, is positive we have

J;Tlr,‘(s)lds éj: r.(s)ds = (1 +/,¢(J': b(s)ds)—l)_l
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and since r, remains unchanged on [0, T] if we change the values of b when
t>T (but so that (1.5)-(1.7) still hold) we may assume that [7b(s)ds =
(w|+1)7, if T is small enough.

Since X* is locally uniformly convex it follows that

[xl + X2, )’]+ = [xl’ Y]*' + [x2v Y]ﬂ X1, X2, ¥ € Lz(oa T; X),

( , ]+ defined on L*0, T; X)X L*0, T;X) as above with the norm of X
replaced by that of L*0, T; X)). Therefore we can combine (2.30), (2.33) with
the fact that L — (Jw|+ 1)I is accretive on L?*(0, T; X) if T is small enough and
conclude that we must have [o]|v(s)|’ds = 0 for small t. This implies that the
solution is unique and the proof of Theorem 1 is completed.

3. Proofs of Theorems 2 and 3

We are first going to establish Theorem 3 for the equation (1.19), then we are
able to prove Theorem 2 and finally we complete the proof of Theorem 3.

Assume that (1.23) and (1.24) hold and let u;,., ¥2.. and u,,, u,, be the
solutions of equations (2.13) and (1.19) respectively, corresponding to f; and f,
and let v,, = Uisn — Uz, and f = f,— f.. From (2.3) and (2.14)—(2.16) we obtain
in the same manner as in the proof of Theorem 1

dtdsh (@) + [ pats = 5)d1ds [.a(s)]ds
= b.0)((@1+ 1@ Do I+ [ 100t =)l 1400+ 14, IO

+[ 0= POl +IF @I+ [ pa =9 Glds, 2. 1€ R

If we use (2.1) and integrate, then we get

Iom@I=I£O+ [ 1r6)lds + [ b= 5)(G0 ] +1a@Dln(o)]

# [ 1ounts =D dgu ] + 1@+ [ auts = DI )lar ) ds,
tER".

It is straightforward to conclude from this integral inequality, (2.5) and (2.24)
that there exists a nondecreasing, continuous function k on R*, k(0) =1 such
that
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6D Jun®) - waa @Ik (110~ O+ [ 15:6)- fi)lds), 1€ R,

Now we proceed to the proof of Theorem 2. Let f satisfy (1.10) and (1.18).
Then we can choose a sequence of functions {f,} that satisfy (1.10)~(1.12) such
that '

(3.2) f(0)—>f(0) as n—>,
(3.3) frllﬂ.(s)—f'(s)llds -0  asn—>xforevery T >0.

Let u,, be the solution of equation (1.19) corresponding to the function f.. By
(3.1)-(3.3) we know that the functions u,, converge uniformly on [0, T] to u, as
n — « for every T >0 and this convergence is uniform with respect to A. On the
other hand we know from the proof of Theorem 1 that for any fixed n, u..
converges uniformly on [0, T] for every T >0 to a function in C(R*;D(B)) as
A —0. Combining these two observations we obtain (1.20) and (1.21). The
remaining assertions of Theorem 2 have already been established in the proof of
Theorem 1.

To complete the proof of Theorem 3 we have only to note that (1.25) follows
from (1.21) and (3.1).
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